
Fig. 7 .  h = A,. A superstable 4-cycle. The region  within  the  dashed  square in (a) 
should  be  compared with all of Fig. Sa. 

Figures 7a  and b  depict  this  situation  for 
f2  and f4, respectively.  When h increases 
further,  the  maximum  of f4 at x = j :  now 
moves up, developing a fixed point with 
negative slope. Finally, at A, when the 
slope of  this fixed point  (as well as the 
other  three) is again -1, each fixed point 
will split into  a  pair giving rise to an 8- 
cycle, which is now stable.  Again, f8 = f4 
0 f4, and f4 can be viewed as fundamen- 
tal. We define A, so that x = X again is a 
fixed point,  this  time of fs. Then  at A, the 
slopes  are -1, and  another  period  doubl- 
ing occurs.  Always, 

Provided  that  a  constraint on the  range 
of h does  not  prevent  it  from  decreasing 
the  slope at the  appropriate fixed point 
past -1, this  doubling  must  recur ad 
infinitum. 

Basically,  the  mechanism  that f2" uses 
to period  double at is the  same 
mechanism that f2""  will use  to  double 
at An+2. The  function f2," is constructed 
from  f2"  by  Eq.  (27), and similarly f2n+2 
will be constructed  from f2,+'. Thus, 
there is a definite operation  that, by 
acting on functions,  creates  functions; in 
particular,  the  operation  acting  on  f2"  at 
A,,+!, (or  better,  f2" at h,) will determine 
f2" at h, 1. Also,  since we need to keep 
track of f only in the  interval  including 
the fixed point of f2"  closest to x = j :  and 
since  this  interval  becomes  increasingly 
small as h increases,  the part of f  that 
generates  this  region is also  the  restric- 
tion off  to  an increasingly  small  interval 
about x = X. (Actually,  slopes  of  f at 
points  farther  away  also  matter,  but 
these merely set a "scale," which will be 
eliminated  by  a  rescaling.)  The  behavior 
of f away from  x = is immaterial to 
the  period-doubling  behavior,  and in the 
limit of large  n  only  the nature of fs 
maximum can  matter.  This  means  that 
in the  infinite  period-doubling limit, all 
functions with a  quadratic  extremum will 
have  identical  behavior. [f"(%) # 0 is the 
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curves  are coincident. Moreover,  the 
scale reduction  that f2  will determine for 
fo is based solely on  the functional  com- 
position, so that if these  curves for f'", 
f m +  1 , converge (as  they  obviously do in 
Fig. S), the scale reduction  from level to 
level  will converge  to a definite  constant. 
But the  width of each circulation square 
is just  the  distance between x = 5: when 
it  is a fixed point of f2" and  the fixed 
point of f2"  next  nearest to x = X (Figs. 
7a  and b). That is, asymptotically, the 
separation  of  adjacent  elements of 
period-doubled attractors is reduced  by 
a constant  value from one  doubling to 
the next. Also  from  one  doubling  to  the 
next, this next  nearest  element alternates 
from one side of x = y2 to  the  other. Let 
dn  denote  the  algebraic  distance  from x 
= X to the  nearest  element of the  attrac- 
tor cycle of period 2", in the 2"-cycle at 
A,. A positive number a scales this dis- 
tance  down in the 2"+'-cycle at 

But since rescaling is determined  only by 
functional  composition, there is some 
function that composed with  itself  will 
reproduce itself reduced in scale by -a. 
The function  has  a quadratic maximum 
at x = X, is symmetric  about x = f/z, and 
can be scaled by  hand  to  equal 1 at x = 
/2. Shifting coordinates so that x = 5: --f 
x = 0, we have 
1 

Substituting g(0) = 1, we have 

1 g(1) = - -. 
U (30) 

Accordingly, Eq. (29) is a definite equa- 
tion for a function  g  depending  on x 
through x' and having a maximum of 1 
at x = 0. There is a unique  smooth solu- 
tion to  Eq. (29), which  determines 

a = 2.502907875 ... . (31) 
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